We give the necessary and sufficient condition on sense-preserving logharmonic mapping in order to be factorized as the composition of analytic function followed by a univalent logharmonic mapping.
Let D be a domain of C and denote by H(D) the linear space of all analytic functions defined on D. A logharmonic mapping is a solution of the nonlinear elliptic partial differential equation
where a ∈ H(D) and |a(z)| < 1 for all z ∈ D. If f does not vanish on D, then f is of the form
where H and G are locally analytic (possibly multivalued) functions on D. On the other hand, if f vanishes at z 0 , but is not identically zero, then f admits the local represenation
where (a) m is a nonnegative integer,
(c) h and g are analytic in a neighbourhood of z 0 . In particular, if D is a simply connected domain, then f admits a global representation of the form (3) (see, e.g., [2] ). Univalent logharmonic mappings defined on the unit disk U have been studied extensively (for details, see, e.g., [1, 2, 3, 4, 5, 6] ).
In the theory of quasiconformal mappings, it is proved that for any measurable function µ with |µ| < 1, the solution of Beltrami equation f z = µf z can be factorized in the form f = ψ • F, where F is a univalent quasiconformal mapping and ψ is an analytic function (see [8] ). Moreover, for sense-preserving harmonic mappings, the answer was negative. In [7] , Duren and Hengartner gave a necessary and sufficient condition on sense-preserving harmonic mapping f for the existence of such factorization. Since logharmonic mappings are preserved under precomposition with analytic functions, it is a natural question to ask whether every sense-preserving logharmonic mapping can be factorized in the form f = F • φ for some univalent logharmonic mapping F and some analytic function φ.
It is instructive to begin with two simple examples.
on the unit disc U . Then f is sense-preserving in U with dilatation a(z) = z. We claim that f has no decomposition of the desired form in any neighborhood of the origin. Suppose on the contrary that f = F • φ, where φ is analytic near the origin and F is univalent logharmonic mapping on the range of φ. Then F is sense-preserving because f is. Without loss of generality, we suppose that
, where H and G are analytic and have power series expansion
where 2 , the function φ must have an expansion of the form
It follows that G • φ has an expansion of the form
However, the given form of f shows that Now, we state and prove the factorization theorem. A(φ(z) ). Since F is univalent, the Jacobian is nonzero and hence |a(z)| = |A(φ(z))| ≠ 1 (see [2] ). Also, F is univalent and f (z 1 Hence, a(z 1 ) = a(z 2 ) .
Theorem 3. Let f be a nonconstant logharmonic mapping defined on a domain D ⊂ C and let a be its dilatation function. Then, f can be factorized in the form f = F • φ, for some analytic function φ and some univalent logharmonic mapping F if and only if
(a) |a(z)| ≠ 1 on D; (b) f (z 1 ) = f (z 2 ) implies a(z 1 ) = a(z 2 ).
Under these conditions, the representation is unique up to a conformal mapping; any other represenation
Next, suppose that the two conditions are satisfied. We want to show that f can be factorized in the form f = F(φ). This is equivalent to finding a univalent continuous function G defined on f (D) so that G •f is analytic. In view of the Cauchy-Riemann conditions, this is equivalent to
where
and let µ n be the restriction of µ to Ω n . Extend µ n to C by assuming that µ n ≡ 0 on C \ Ω n . Then the Beltrami equation G w = µ n G w has a quasiconformal solution G n from C on C, see [8] . Let G n (∞) = ∞, then G n is a homeomorphism on C. Replace the solution G n with the solution
where w 0 ,w 1 ∈ Ω 1 and w 1 ≠ w 0 . This is possible because f is not constant on D 1 . Then, H n is also a homeomorphic solution to the Beltrami equation, normalized to satisfy H n (w 0 ) = 0, H n (w 1 ) = 1, and H n (∞) = ∞. This and the fact that each H n is K-quasiconformal mapping on Ω j imply that H n converges locally uniformly to a K-quasiconformal mapping H on Ω j . It follows that H is a homeomorphism on Ω and H satisfies the equation 
